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Non-Orthogonal Multiple Access in the Presence of Phase Noise

Alexandros-Apostolos A. Boulogeorgos ™, Senior Member, IEEE, Nestor D. Chatzidiamantis
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Abstract—1In the present letter, we investigate the impact
of phase noise on multi-carrier wireless systems that employ
non-orthogonal multiple access (NOMA). Specifically, we extract
novel closed-form expressions for the outage probability. These
expressions can quantify and evaluate the system performance
for the general case in which different levels of inter-carrier
interference (ICI) is experienced by neighbor carriers as well as
the special case, where the neighbor carriers creates the same ICI.
The results reveal the importance of taking into consideration
the influence of local oscillator imperfections, when assessing the
performance of NOMA networks.

Index Terms— Multi-carrier systems, non-orthogonal multiple
access, outage probability, phase noise.

I. INTRODUCTION

HE increasing number of data-rate-hungry internet

applications has drastically raised the need for high
spectral-efficiency and massive connectivity on the next gen-
eration wireless networks [1]. In this sense, non-orthogonal
multiple access (NOMA) was introduced as an effective
approach that enables the simultaneous exploitation of the
same frequency resources by multiple users via power-domain
multiplexing, while successive interference cancellation (SIC)
is implemented in order to eliminate the resulting multi-user
interference [2]. As a consequence, a great amount of
effort has been put to provide the mathematical framework
that quantifies its performance and can be used for design
purposes [2], [3]. Additionally, multi-carrier NOMA has been
discussed in several published works, including [2], [4], due
to its reduced system complexity. In more detail, in single-
carrier NOMA, the user with the best channel needs to decode
all the other users’ signals, which results the high-complexity
and decoding delay. On the other hand, in multi-carrier
NOMA, the number of users at each carrier is limited; hence,
overloading is realized at reduced complexity. In practical
implementation, such systems employ direct conversion trans-
ceivers, which suffer from radio frequency (RF) front-end (FE)
associated impairments, such as in-phase and quadrature-phase
imbalance (IQI), power amplifier nonlinearities, and phase
noise (PHN) [5]-[8].
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Scanning the technical literature, the performance of NOMA
systems was evaluated in several published papers [9]-[11].
In more detail, in [9], the authors derived the outage probabil-
ity (OP) and the ergodic capacity of a cooperative NOMA
network, in which the nearest user is employed a decode-
and-forward relay that is able to switch between full-duplex
and half-duplex mode to assist a far user. Likewise, in [10],
analytical expressions for the capacity and sum rate of a
downlink non-regenerative massive multi-input-multi-output
NOMA relay system were presented, whereas, in [11],
the authors assessed the outage performance of cloud radio
access networks with NOMA. Finally, in [4], a power alloca-
tion strategy for multi-carrier NOMA systems was reported.

Despite the negative influence of RF FE imperfections on
the system performance of multi-carrier systems [12], they
are often ignored, when multi-carrier NOMA is used. In this
sense, in [13], the authors investigated the impact of the 1QI to
downlink multi-carrier NOMA, in terms of the OP. Moreover,
in [14] and [15], the authors modeled the aggregated impact
of residual hardware imperfections in cooperative wireless
systems as an independent and identically distributed addi-
tive Gaussian noise and quantified it. The results of all the
aforementioned works revealed that hardware imperfections
can significantly constraint the system’s reliability. Motivated
by this as well as the fact that the effect of local oscillator’s
PHN has not yet been addressed, in this letter, we quantify
its effects, in terms of outage performance. In particular,
the contribution of this letter can be summarized as follows:

o A novel signal model, which describes the impact of

PHN in downlink power-domain NOMA networks is
presented. This model is algebraically tractable. Note
that, in contrast with IQI [13], which creates interference
from a single-carrier, PHN generates interference from
multiple neighbor carriers. As a result, both the system
model and analysis differ.

o We derive novel closed-form expressions for the OP of

multi-carrier systems that employ NOMA as well as the
corresponding ones with OMA, in the presence of PHN.

Notations: Unless otherwise stated, |-| denotes the absolute
value, while the operators exp (-), log (+), and log, (+) respec-
tively represent the exponential and the base 10 and 2 log-
arithmic functions. Likewise, sin(z), cot (x) and tan—! (z)
return respectively the sine, cotangent, and arc tangent of z.
Moreover, U(-) and sign(-) respectively stand for the step and
sign functions.

II. SYSTEM & SIGNAL MODEL

We consider the case of downlink multi-carrier transmis-
sion with K RF carriers, in which power-domain NOMA
is employed by a base-station (BS) in order to serve M
user equipments (UEs) at the same timeslot and in the same
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carrier. The fundamental concept behind NOMA is to use
superposition coding at the transmitter (TX) and SIC at the
receiver (RX). It is also assumed that the RF FE of the BS is
ideal, while the UE suffers from PHN. Finally, perfect channel
state information is assumed for both the BS and the UEs.
Suppose an information signal intended for UE ¢ € U
with U = {1,---, M} through carrier k € S with S =
12(,~' =11, ,%}, si(k) € C, is carried over a
flat-fading channel, h;(k) € C, with additive noise n; € C.
Based on NOMA approach, the baseband equivalent transmit-
ted signal can be modeled as x(k) = Zf\il / Pi(k)s; (k)
where P;(k) stands for the power of the symbol s;(k).
Likewise, the baseband equivalent received signal at the UE 1
in the carrier £ can be obtained as

yi(k) = &(k)hi(k)z(k) + zi(k) + ni(k), (D

where h;(k) and n;(k) are zero mean complex Gaussian
processes with variances o and Ny, respectively, while &; (k)
represents the common phase error (CPE) due to PHN, and
z;(k) stands for the inter carrier interference (ICI) caused in
the RX, due to PHN. According to [16] and [17], the ICI term
can be approximated as

zi(k) = Ghi(k — Da(k — 1) + Ghi(k + Dz(k+ 1), (2)

with ¢; = exp (j¢:(n)) and ¢;(n) being the n—th sample at
the i—th UE of a discrete Brownian error process, i.e., ¢;(n) =
S #i(m — 1) + €(n), where €;(n) is a zero-mean real
Gaussian process with variance 02 4”5’ and g; is the LO
3dB bandwidth at the i—th UE, whereas W is the wideband
channel bandwidth.

Remark 1: From (1) and (2), it is evident that the level
of ICI at carrier k depends not only from the level of
imperfections of the RX local oscillator (LO), but also from
the total transmitted power at carriers k + 1 and k — 1.

III. PERFORMANCE ANALYSIS

This section is devoted in analyzing the performance of
conventional downlink NOMA in the presence of LO imper-
fections. Without loss of generality, it is assumed that the
channels at carrier k are sorted as |hy (k)[? < [ha(k)[? < -+ <
|har (K)|?, where |h;(K)|, i € [1, N], represents the i—th sorted
channel gain. According to the NOMA principle, the transmit-
ted power are sorted as Py (k) > Pa(k) > --- > Py(k), where
P;(k) denotes the transmitted by the i—th UE power.!

The m—th sorted UE performs SIC, by detecting and
removing the i—th sorted UE’s message, with ¢ < m, from its
observation. As a result, the achievable data rate to the m—th
sorted UE, m € {1,2,---, N} at carrier k can be written as

R, (k)
o (k) [ (R) 2
o <1 " i ()2 3002y Pu() + i (K) +N0> ’
= m e [1,M —1]
() [ ()2 B
logy <1+W>, m=M

"Note that, since the BS has not prior-knowledge of the UE LO characteris-
tics, the power will be allocated based on the channels’ conditions. Moreover,
the decoding order of SIC will depend solitary on the channel ordering.
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where 4,,, (k) represents the level of ICI at the m—th UE. Based
on [16]-[18] and references therein, for practical values of 3,
the LO imperfections can be modeled as a zero-mean Gaussian
process with a variance given by

M
DES Pk - 1)

i=1

Zm(k) = Am(k - 1)|hm(k -

M
+ A (k4 Db (k+ DY Pi(k+1). (3)
=1

_ |Im(fl - fk +fco) - Im(fl -

27 feo

where | € {k — 1,k 4+ 1}. Moreover, f; is the centered
normalized frequency of carrier k, and f., is the normalized
cut-off frequency of carrier k, which can be expressed as

fk_fco)|7 (4)

feo = Q—vab, with Wy, being the carrier bandwidth. Finally,
L (f)
= (feo — f) tan™(&n tan (7 (foo — f)))
+ (fco + f) tan_l(ém tan (_77 (fco + f)))
_ (fco + f) cot (77 (fco+f))_(fco_f) cot (7T (fco - f))
Om
, Jog ([sin (7 (feo + ))I) +10g (|sin (7 (feo — 1))
Tm ’
(%)
with 5 _exp(—=27Bm /W)+1

T exp(—27Bm /W)—1"
Note that the achievable data rate, given by (3), is con-

ditioned on R, (k) > R;(k), where R;,.(k) and R;(k)
represent the achievable and the targeted data rate for the
m—th UE at carrier k to detect the i—th UE’s message (i < m)
at the same carrier, respectively. Furthermore, the rate for the
m—th UE to detect the i—th UE’s message at carrier k can
be expressed as

Pilhm (K)|?

R (k) = logy [1+—= (6)
" < o ()P S0 1+1Pk+zm+zvo>

The following theorem returns the OP of the m—th UE at
carrier k.

Theorem 1: The OP of the m—th UE at carrier k can be
expressed as

S5 (1)

i=1 l=m p=0

=(i,1) M—1+p
i PRI exp —TNol/Jm (D
for Ri(k) < log, <1 + %P;(k)> and Pp, 1, = 1, other-

l=i+1

wise. In (7),
i(k
v P, —i(k) I=i+1 Pi(k)
M
bi = Am(k+ (1)) Y Pilk+ (- ©)
—s 1 (1 B 1 -1
and :(Z, ].) = by (E — m) . MOV@OVef';

vi(k) = 9Ri(k) _ 1.
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Proof: Please refer to the Appendix A. [ |
Theorem 1 quantifies the impact of LO PHN, number of UE,
and power allocation, on the outage performance of the m-th
UE. In more detail, we observe that as the number of UE
increases, the total interference at the m-th UE also increases;
hence, the OP increases. Moreover, the outage performance
of the m—th UE at carrier & depends not only by the power
allocation at carrier k, but also from allocated power at carriers
k—1 and k + 1 as well as the ICI suppresions capabilities of
the m—th UE.

The following lemma returns the OP when b; = bs. That
is the case where the neighbor carriers create the same level
of ICI in the k—th carrier. Note that this special case is very
close to the reality.

Lemma 1: In the special case in which by = by = b, the OP
can be evaluated as

SEEO0) iy

l=m p=0

M1
% exp <_7+p

for Ri(k) < log, ( m), and Py, = 1, other-
wise.

Proof: Please refer to Appendix B. [ ]
From Theorem 1 and Lemma 1 becomes evident that in order
to optimize the NOMA system performance, power allocation
should take into consideration carriers k — 1, k, and k + 1 in
all the involved UE.

For the sake of comparison and completeness, Lemma 2
returns the OP of the m—th UE at carrier k£ of an orthogonal
multiple access (OMA) system.

Lemma 2: The OP of the m—th UE at carrier k of an OMA
system can be obtained as

d)mNo) (10)

o2

2 .
Z(i,1) YenNo
OMA __ )
-1y 2n) _Junito 1
Pn) k ; ;)::;Z + 1 eXp < PnLO'Q i ( )
-1
where Z(i,1) = —L+ (X — é) with ¢; =
. 2 \¢  Cip(-1ni-lu@-1)
Ap(k+ (=1)") P (k + (=1)"). Moreover, v, stands for the

SNR threshold and is connected with the targeted data rate,
Tth, through ~gp = 270 — 1.

Proof: Please refer to Appendix C. [ |
Notice that the OMA network requires M resource blocks to
serve the M UE, while the NOMA demands 1. Therefore, for
the shake of fair comparison, ry, = M Rm(k) Finally, from
Lemma 2, we observe that the level of ICI in OMA systems
depends on the power allocation in the carriers k—1 and £+ 1
of the m—th UE.

IV. RESULTS AND DISCUSSION

This section focuses on the quantification of the impact of
PHN on the outage performance of the NOMA system as
well as the verification through Monte Carlo simulations. The
following insightful scenario is considered. Unless otherwise
stated, M = 2, the outage performance at the carrier £ = 4 in
a multicarrier systems consisting of K = 8 carriers, is inves-
tigated. Moreover, Wy, = 2.23 MHz, and W = 2.24 MHz.
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Fig. 1. OP vs Rm, for different values of (3.
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Fig. 2. OP vs P}V—((f), for different values of (3.

1 o p=100kHz
% B=750kHz
T T

Finally, we assume that the LO 3-dB bandwidth, 3. In the
following figures, the numerical results are shown with con-
tinuous or/and dashed lines, while markers are employed to
illustrate the respective Monte Carlo simulation results.

Fig. 1 plots the OP of both the UE as a function of their
targeted rate, for different values of 3, assuming ]:31(4) /Ny =
25 dB, P1(3)/Ny = 15 dB, P1(5)/No =5 dB, P»(4)/Ny =
15 dB, P(3)/No = 5 dB, and P(5)/No = 0 dB. Moreover,
as a benchmark, the corresponding outage performance of the
OMA system fot both the UEs, assuming that P;(4)/Ny =
Py(4)/No = 1/2 (151 (4)/No + Py (4) /NO). In both scenarios,
it is assumed that both UE have the same targeted rate.
As expected, for both UE and a given [ and a specific access
scheme, as the targeted rate increases, the OP also increases.
Moreover, it is observed that for both UE and for a fixed
targeted rate, as LO quality degrades, i.e. as [3 increases,
the OP increases. Additionally, it is evident, that there exists
a targeted rate threshold, after which the OP equals 1. Finally,
we observe that, in general, independently of 3 and R,,,
NOMA outperforms OMA.

Fig. 2 depicts the OP of both UE as a function of &t (4) , for
different values of 3, assuming that the targeted rate of both
users is 1 bits/s/Hz, P1(3)/No = 15 dB, P1(5)/No = 5 dB,
P2(4)/NQ = 15 dB, P2(3)/N0 = 5dB and P2(5)/N0 =
0 dB. Again, as a benchmark, the performance of both UE
in the corresponding OMA system is presented. For UE 1
and a fixed (3, as P11\7(4) increases, the outage performance
improves. Similarly, in NOMA, for UE 2, a given § and

P}V(j) < PJQ\,(4) as P}V( ) increases, the OP decreases. On the
other hand, for P1(4) > N( N( ) does not
0 0

affect the outage performance of UE 2. Meanwhile, for a given
P}V—(f), for both UE, as /3 increases, the ICI increases; hence,
the outage performance degrades. Finally, it is observed that
in the low-P;(4)/Ny regime, where the outage probability of

the NOMA equals 1, OMA outperforms NOMA, while in the
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Fig. 3. OP of UE 2 vs %{)ﬂ@)’ for different values of w.

0
medium-P; (4) /Ny regime, both the UE achieve better outage
performance when NOMA is employed instead of OMA.
Interestingly, in the high-P;(4)/N, regime, although UE 1
can achieve better performance by employing NOMA than
OMA, UE 2 achieves a lower outage probability when OMA
is employed. This is due to the employed power allocation
scheme in NOMA, where P, (4) is kept constant.

In Fig. 3, the OP of both users is demonstrated as a function

of %ﬁ@, for different values of %{)&(5), assuming

that the targeted data rate for both nodes is 0.01 bits/s/Hz,
B — 20 dB, 2 = 10 dB, and 8 = 100 kHz. For a fixed

No
P2(3)+P2(5) . as P1(3)+P1(5)

increases, i.e., as the inter-carrier

1nterference which is caused by UE 1, the OP of both UE also

PL(3)+P1(5) P2 (3)+P>(5)
increases. Similarly, for a given N , as N

increases, the inter-carrier interference from UE 2 increases;
as a results the outage performance degrades. These observa-
tions indicate that in order to achieve an outage performance
requirement for UE 1 and 2, the power of the neighbor
carriers needs to be appropriately allocated. Finally, from this
figure, we observe that in general in the low-ICI regime,
NOMA outperforms OMA in terms of outage probability.
However, in the high-ICI UE employing OMA can achieve
better performance compared to the ones that use NOMA. This
indicates the importance of taking into account the impact of
PHN when selecting the access strategy.

V. CONCLUSION

In this letter, we studied the impact of UE’s LO’s imperfec-
tions in the performance of a wireless multiple access system,
which employs NOMA. In this sense, we presented novel
closed-form expressions for the OP that takes into account
the power allocation of the neighbor carriers and the level
of LOs imperfections of each UE. Our results reveal the
importance of taking into account the power allocation of the
neighbor carriers and the intensity of PHN, when analyzing
and designing such systems. Finally, they highlighted the
importance of taking into account the levels of ICI when
selecting the access scheme.

APPENDIXES

APPENDIX A
PROOF OF THEOREM 1

Assuming that the quality of service requirements are deter-
mined by the UEs, an outage event at carrier k at the m—th
UE can occur when the m—th UE is unable to detect its own

IEEE COMMUNICATIONS LETTERS, VOL. 24, NO. 5, MAY 2020

message or the message intended for the :—th UE (2 < m).
Hence, the OP at the m—th UE can be obtained as

Pm,k =1-Pr (ul,m n---N um,m) , (12)

where P, (U) stand for the probability that the event U
occurs with U = {Ui ;N NUmm}, and Uiy =
{Rim(k) 2 Rulk)

By substituting (3) and (6) into (12),
equivalently written as

P =1-Pr ({A177,,,|l~zm(k)|2 > BLm} N

V{ Al B2 = B }) (13)
where A;,, = P, —

M
Vi, m (k) El:iJrl
'Yv,,m(k) (Zm + NO)
By assuming that A, ,, > 0, for i € [1,m], i.e. R; . (k)
P7 _
1Og2 1 T ZlAiH—l Py (k)
1—Pr ( (B wm) or

lr,,L(k)+N0
P = Pr(X <)

the OP can be

J:jl(k) and B;,,, =

, (13) can be rewritten as P, =

= FX(wm)v

where Fx (-) stands for the cumulative density function (CDF)
7 )2

of the random variable (RV) X, defined as X = %

Since |h,, (k)|? and ,,(k) are independent RVs, (14) can be

evaluated as

FX ('me,) = /N Pﬂ‘flmp (wmx) fy(.]?)dX

where F; (1) and fy(-) are the CDF and the probability
density function (PDF) of |h,,|? and the RV Y = i,,(k) +
Ny, respectively. ~

Since |h,,| is an ordered Rayleigh RV, |h,,|> will be an
ordered exponential RV with CDF given by [19]

-3 (1) (3)
X exp (—M;ii“)x) . (16)

Likewise, since ) is a shifted weighted-sum of square
Rayleigh RVs, its PDF can be obtained as [20]

- _z-No
b; ’

=(i, 1
ooy =3 e
i=1 !
where Z(i,1) can be obtained as [20, Egs. (8) and (9)].
By substituting (16) and (17) into (15) and after some
mathematical manipulations, we can express the CDF of A" as

FX (wm )

—ZZZ( )() —1)P=(i, 1)

i=1 l=m p=0
‘N, o — 1
X exp (—0>/ exp (— ( l+p¢m —) ) dx,
bi ) Jn, b;
(18)

which, after performing the integration, returns (7).

(14)

15)

|h7n|

a7
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Next, we examine the case in which A4;,, < 0.
In ihis case, _since B, is  always n@—negative,
Pr (Ul,m n--- mum,m) = 0, where U;m, =
iAi,mlﬁm(k)lz > Bi,m}7 with ¢ = 1,---,m; hence,

'm.k = 1. This concludes the proof.

APPENDIX B
PROOF OF LEMMA 1

In the special case in which by = by = b, iy, is the sum
of two independent and identical exponential distributed RVs;
hence, it follows a Gamma distribution with PDF that can be
expressed as

s (z) = b%exp (—%) (19)

Moreover, the PDF of ) can be obtained, with the aid
of (19), as

(x) = %QNO exp (—x_TNO> , with z > Ny. (20)

By substituting (20) into (15) and following the same steps as
in Appendix A, we can derive the CDF of & as
Fy(x)

-2 (NG

I=m p=0
M-1 -2 M-1
X (72_‘_291)3:—1—1) exp (_72“‘27331\7()). 21)
o o

employing (14), for R;(k) <
1 Z[N:Ii+1 ﬁl(k) .
0gy ( 1+ =="F5—— |, we get (10). Note that in the case

Likewise, by

P
following the same steps as Appendix A that P7, = 1.

M D
in which R;(k) >log, | 1+ M , we can prove by

APPENDIX C
PROOF OF LEMMA 2

The OP of the m—th UE at carrier k£ in the OMA system
can be defined as

POWY = Pr (RO (k) < r4n) (22)

where RIOMA)(E) is the achievable data rate in the carrier

k of the m—th UE and can be obtained as ROMA) (k)
2
log, (14—% By following the same steps as

Appendix A, we can rewrite (22) as

> Vth
P;?}\I/CIA) — / Fip,o 12 (P—x) fy, (2) dx,
No m

where is the CDF of |h,,|?| and fy, (z) is the PDF of )J; =
Ay (k=1) [ (k=1)|? + Ay, (k+1) | (k+1)|?+ No. Of note,
since |h,,| is a Rayleigh distributed RV, |h,,|? is exponential
distributed; thus, its CDF can be obtained as

x
Fip,2(r) =1 —exp (—;) .

(23)

(24)
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Moreover, ) is a shifted squared Rayleigh RV; hence, its PDF
can be obtained as

o) = 3 TP e (1),

By substituting (24) and (25) into (23) and performing the
integration, we derive (11). This concludes the proof.

(25)
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